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Abstract. We perform a canonical quantization of gravity in a second-order
formulation, taking as configuration variables those describing a 4-bein, not adapted
to the space-time splitting. We outline how, neither if we fix the Lorentz frame
before quantizing, nor if we perform no gauge fixing at all, is invariance under boost
transformations affected by the quantization.
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1. Introduction
The development of a quantum theory for the gravitational field is one of the main
points in Theoretical Physics. The most promising approaches in such direction are
those of String Theory [1] and of Loop Quantum Gravity (LQG) [2]. While String
Theory implies a completely new interpretation of all fields, as properties due to the
vibration of fundamental strings, and it till now provides just a perturbative approach
to Quantum Gravity, LQG is a more conservative attempt toward a non-perturbative
canonical quantization of space-time geometry.
LQG is based on a reformulation of General Relativity in terms of SU(2) connections
(Barbero-Immirzi connections [3]), where the phase space is that of an SU(2) gauge
theory. This kind of reduction of the Lorentz group to a compact one is a key point
of LQG, since it allows for the use of standard techniques of gauge theories (Wilson
loop) in view of a canonical non-perturbative quantization. But, after the quantization,
an ambiguity arises, in terms of the γ parameter (Immirzi parameter) which enters
the spectrum of physical observables. The physical interpretation of γ is still under
investigation. While standard works on LQG treat it as a fundamental parameter, fixed
by the request of reproducing results on the entropy of Black Holes [4, 5], nevertheless
there are authors who consider it as an ambiguity due to the breaking of some symmetry
[6, 7]. In particular, the debate is on the fate of Lorentz invariance in the Barbero-
Immirzi formulation. This formulation is based on fixing, before quantizing, the so-
called time-gauge condition, which corresponds to set the 4-bein vectors, such that the
time-like one e0 is normal to spatial hypersurfaces. If this hypothesis is neglected, a
deep complication occurs, i.e. second-class constraints arise. While Barros and Sa
demonstrated [8] that these second-class constraints can be solved, such that only first
class ones remain, Alexandrov provided us with a covariant formulation in which γ does
not enter the area spectrum[9]. Therefore, the development of a formulation, in which
the Lorentz frame is not fixed, can provide a deep insight towards the understanding of
gravitational quantum features.
In this work, we focus our attention on the role of the Lorentz symmetry after a
canonical quantization of gravity in a second-order 4-bein formulation. We outline
that if one solves classically constraints associated with boost symmetry, a parametric
dependence of the wave functions on the reference frame cannot be avoided. But a
unitary operator connecting states in different frames can be defined, such that the full
Lorentz symmetry is implemented into the quantum framework. Then we perform the
canonical quantization of all the classical constraints. By substituting the quantum
boost constraints into the rotational ones, we get a similar picture to the previous case,
but here the wave functional depends no longer parametrically on the Lorentz frame
and it evolves through different values of the boost parameters. In this full quantization
scheme, a natural operator representing the displacement of the boost parameters arises
in a unitary form. This fact supports the idea of a gauge invariant dynamics, preserved
by the quantization procedure.
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The organization of the manuscript is as follows: in section 2 we describe the geometric
interpretation of the configuration variables and develop a Hamiltonian formulation
of General Relativity in terms of them. The algebra of constraints is analyzed and
its first-class character is recognized. In section 3, at first we classically solve the
constraints associated with the boost symmetry, demonstrating that transformations
between Lorentz frames are implemented by a unitary operator. Hence we sketch
properties of the quantum theory without any gauge fixing. Finally, in section 4
concluding remarks are provided.
2. Geometric Structure and Hamiltonian formulation
Our aim is to quantize geometric degrees of freedom in a canonical way. In particular,
the configuration variables of our approach will be a set of 3-bein vectors, that, unlike
standard treatments, are not restricted onto spatial hypersurfaces.
Let us consider an hyperbolic space-time manifold V endowed with a metric gµν and a
3+1 representation V → Σ⊗R, being Σ spatial 3-hypersurfaces with internal coordinates
xi (i = 1, 2, 3) and t the coordinate on the real time-like axis. We perform a canonical
quantization of 4-bein variables, but we want to avoid the usual time-gauge condition,
i.e. the choice of the 3-bein ea, (a = 1, 2, 3) as contained into spatial hypersurfaces. In
this respect, we introduce the following 4-bein 1-forms
e0 = Ndt+ χaE
a
i dx
i ea = EaiN
idt+ Eai dx
i, (1)
which define a generic Lorentz frame and the time-gauge is restored as soon as functions
χa are set vanishing.
In view of giving a physical interpretation to χa, we note that if we perform a
local Lorentz transformation ΛAB on the tangent space (to set the 3-bein on Σ) the
condition χa = −Λ0a/Λ00 must stand. This fact leads us to identify χa with the
velocity components of the eA frame with respect to one at rest, i.e. adapted to
the spatial splitting. Moreover, since we are working with units c = 1, the condition
χ2 = δabχaχb < 1 must stand.
The new expressions for the lapse function N˜ , for the shift vector N˜ i and for the 3-
geometry hij are obtained by the condition e
A to be a 4-bein, i.e. gµν = ηABe
A
µ e
B
ν (being
ηAB = diag{−1; 1; 1; 1}), and they turn out to be as follows
N˜ =
1√
1− χ2 (N −N
iEai χa) N˜
i = N i +
Ecl χcN
l −N
1− χ2 E
i
aχ
a χa = χbδ
ab
hij = E
a
i E
b
j (δab − χaχb). (2)
The 3-bein vectors associated with hij can be expressed in terms of E
a
i , i.e.
E ′ai = E
b
i (δ
a
b − αχaχb) α =
1−√1− χ2
χ2
(3)
and the last relation, just like the expression (2), stresses how the dynamics of the
spatial metric without the time-gauge condition is described by Eai and χa variables,
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both.
As well-known, the canonical splitting of the Einstein-Hilbert action provides the
Lagrangian density
Λ =
1
16πG
N˜
√
h(K2 −KijKij + 3R) (4)
Kij being the extrinsic curvature associated with Σ, i.e. Kij =
1
2N˜
(DiN˜j+DjN˜i−∂thij),
while 3R is the scalar curvature of the 3-space.
In this formulation, N˜ , N˜ i, Eai and χa can be taken as configuration variables and their
conjugated momenta read as
πN˜ = 0 πi = 0 (5)
πia =
1
8πG
√
h[KijEbj (δab − χaχb)−KEia] (6)
πa =
1
8πG
√
h
(
χa
1− χ2K −K
ijEai E
b
jχb
)
, (7)
respectively. By virtue of the relation
Kij =
8πG√
h
(
πiaE
a
j −
1
2
δijE
b
l π
l
b
)
(8)
the equation below stands
πia∂tE
a
i + π
a∂tχa =
√
h
16πG
[−Khij∂thij +Kij∂thij ]. (9)
This way, one obtains
πia∂tE
a
i + π
a∂tχa − Λ = N˜ ′H + N˜ iHi + λN˜πN˜ + λiπi (10)
being N˜ ′ =
√
hN˜ , while H and Hi can be rewritten as
H = πiaπ
j
b
(
1
2
Eai E
b
j − EbiEaj
)
+ h3R (11)
Hi = Dj(π
j
aE
a
i ), (12)
with Di the covariant derivative built up from hij .
Moreover, phase space variables are not independent, but they are subjected to the
following constraints
πN˜ = 0 πi = 0 (13)
Φa = πa − πbχbχa + δabπibχcEci = 0 (14)
Φab = π
cδc[aχb] − δc[aπib]Eci = 0. (15)
which are imposed by virtue of Lagrangian multipliers λN˜ , λi, λa and λ
ab = −λba.
Finally, the Hamiltonian density turns out to be
H = N˜ ′H + N˜ iHi + λN˜πN˜ + λiπi + λabΦab + λaΦa. (16)
We want to stress that in the time gauge (χa = 0), conditions Φ
a = 0 do not arise.
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2.1. Dirac algebra of the constraints
Let us now discuss the form of these constraints: the simplest ones are the four standard
conditions (13), which induce the vanishing behavior of the super-Hamiltonian and of
the super-momentum, as secondary constraints, i.e.
H = 0 Hi = 0. (17)
As well-known, they account for the invariance under time re-parametrization and
spatial diffeomorphisms, respectively, and their Poisson brackets vanish on the
constraints hypersurfaces.
Other constraints enforce the invariance under 4-bein Lorentz transformations: in fact
we have
{Φa; e0} = Eai dxi {Φa; ec} = δacEdi χdN idt+ δacEdi χddxi (18)
{Φab; e0} = 0 {Φab; ec} = δd[aδcb]ed (19)
and the above relations outline that Φab and Φ
a act on the phase space as generators of
rotations and boosts, modulo a time re-parametrization, respectively.
If we introduce ϕa = ǫabcΦbc, the boost-rotation algebra is clearly reproduced, in fact
we have
{Φa; Φb} = ǫabcϕc {ϕa;ϕb} = −ǫabcϕc {ϕa; Φb} = −ǫabcΦc. (20)
Since Lorentz transformations do not modify the 3-metric ({Φa; hij} = {Φab; hij} = 0)
and
{Φa; πicEcj} = {Φab; πicEcj} = 0 (21)
{Φa; πicπjd
(
1
2
EciE
d
j − Edi Ecj
)
} = {Φab; πicπjd
(
1
2
EciE
d
j − Edi Ecj
)
} = 0 (22)
we find the following last relations which determine the algebra of constraints
{Φa;H} = {Φab;H} = 0 {Φa;Hi} = {Φab;Hi} = 0. (23)
Therefore, conditions (20) and (23) demonstrate that the set of constraints is of first
class.
We want to stress that, being associated with first class constraints, the symmetry un-
der boosts actually plays the role of a gauge symmetry and no second-class constraint
arises, unlike the issues discussed by Alexandrov [7].
3. Quantization of the model
Let us provide a classical solution for boost constraints (14). One can solve it for πa
(since they enter linearly in Φa) getting the following expression
πa = −
(
δab +
χaχb
1− χ2
)
πibχcE
c
i . (24)
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Hence, we can fix the boost symmetry by giving functions χa = χ¯a(t; x). In order to
deal with a pure constrained Hamiltonian theory, we simplify the dynamics by choosing
a Lorentz frame which moves with constant velocity, thus ∂tχ¯a = 0. From Hamilton
equations we have
∂tχ¯a = λ
b(δab − χ¯aχ¯b) + λabχ¯b = 0 (25)
which allows one to write λa = −λabχ¯b. The possibility to express the Lagrangian
multipliers λa in terms of those ones λab reflects how they become redundant, when the
boost constraints are solved. Hence in this case we can rewrite the action as follows
S = − 1
16πG
∫
[πia∂tE
a
i +πN˜ ′∂tN˜
′+πi∂tN˜
i−N˜ ′H χ¯−N˜ iH χ¯i −λabΦ′ab−λN˜πN˜−λiπi]dtd3x, (26)
where
Φ′ab = χ¯[aπ
i
b]E
d
i χ¯d − δc[aπib]Eci (27)
gives the new form of the constraints, while H χ¯ and H χ¯i are the super-Hamiltonian and
the super-momentum with variables χ replaced by functions χ¯. This set of constraints
is again first-class.
In this picture we have completely fixed the gauge associated with the boost symmetry,
because χ¯a are three functions to be assigned explicitly together with the Cauchy data.
Nevertheless, we see how a dynamics is obtained, which differs from that one in which
the time-gauge is imposed: this just because of a relic dependence on parameters χ¯a.
From a geometrical point of view, this issue is not surprising, since our configuration
variables Eai are no more 3-bein within spatial hypersurfaces, but they still remain
variables which contribute to the 3-metric (indeed they are now projections of the 3-
bein over the spatial hypersurfaces).
We emphasize that, by adopting the variables χ¯a(x
i) as new coordinates, we could not
eliminate their effect on the dynamics, because the constraints contain such quantities
free of spatial derivatives, too.
In view of the quantization, we now promote to operators N˜ , N˜ i, Eai and the
corresponding conjugated momenta, we replace Poisson brackets with commutators
in a canonical way and hence we impose relic constraints on wave functionals ψ =
ψχ¯(N˜ , N˜
i, Eai ).
In particular, conditions (13) are translated into δ
δN˜
ψ = δ
δN˜ i
ψ = 0, thus ψ does not
depend on N˜ and N˜ i. Hence the super-momentum constraint reads as follows‡
Hˆ χ¯i ψχ¯(E) = iDj
(
Eai
δ
δEaj
)
ψχ¯(E) = 0 (28)
and it implies that wave functionals do not change for Eai → Eai − DiξjEaj , being
ξi an arbitrary 3-vector. This means that ψ depends on the classes {Eai }, built up by
identifying Eai related by the above transformation, i.e. infinitesimal 3-diffeomorphisms.
‡ We will not take into account of ordering questions, since they do not modify our conclusions.
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A further restriction for ψ is provided by the rotational quantum constraints, whose form
is as follows
Φ′χ¯abψχ¯(E) = i
[
χ¯[a
δ
δE
b]
i
Edi χ¯d − δc[a
δ
δE
b]
i
Eci
]
ψχ¯(E) = 0 : (29)
it outlines the relation existing, in this approach, between the wave-functional
dependence on Eai and the choice of the functions χ¯a(x
i).
Finally, the dynamics comes out from
Hˆ χ¯ψχ¯(E) =
[
−
(
1
2
Eai E
b
j − EbiEaj
)
δ
δEai
δ
δEbj
+ h3R
]
ψχ¯(E) = 0, (30)
which clarifies how χ¯a do not disappear from the quantum description, but, being all
the constraints dependent on χ¯, wave functionals contain χ¯ as labels.
3.1. Transformation between χ-sectors
In order to investigate if the transformation between different χ¯-sectors can be
implemented in a quantum setting, an operator connecting Hilbert spaces with different
forms of χ¯ must be defined.
Let us now consider a wave functional ψ0 in the time gauge: it is a solution of the
following system of constraints
H0ψ0 = 0 H
0
i ψ0 = 0 − δc[aπib]Eciψ0 = 0, (31)
H0 and H0i being the super-Hamiltonian and super-momentum built up from the metric
tensor hij = δabE
a
i E
b
j , i.e. in the case χ¯ ≡ 0.
Taking into account the operator U
Uǫ = I − i
4
∫
ǫaǫb(E
b
i π
i
a + π
i
aE
b
i )d
3x+O(ǫ4), (32)
responsible for the transformation
UǫE
a
i U
−1
ǫ = E
b
i (δ
a
b −
1
2
ǫaǫb) +O(ǫ
4) = E ′
a
i +O(ǫ
4) (33)
which maps the metric hij from χ¯ = 0 to χ¯a = ǫa ≪ 1, then, after same algebra, the
state ψ′ = Uǫψ0 can be rewritten as
ψ′(E) = ψ0(E
′). (34)
The new state will satisfy
UǫH
0U−1ǫ ψ
′ = 0 UǫH
0
i U
−1
ǫ ψ
′ = 0 Uǫ(−δc[aπib]Eci )U−1ǫ ψ′ = 0. (35)
Since we have
UǫE
a
i π
j
aU
−1
ǫ = E
a
i π
j
a +O(ǫ
4), (36)
H0 and H0i are translated in H
ǫ and Hǫi up to the ǫ
2 order.
Moreover, rotational constraints becomes
−
[
δc[aπ
i
b]E
c
i +
1
2
δc[aǫb]ǫ
dEci π
i
d −
1
2
ǫdǫ[aπ
i
b]E
d
i χd +O(ǫ
4)
]
ψ′ = 0 (37)
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and, starting from this condition, the expression ǫdE
d
i π
i
b can be calculated, multiplying
it times ǫa and retaining the leading orders in ǫa. Thus by substituting this result into
(37), the constraints Φ′ab (29) come out for χ¯a = ǫa.
Hence the operator Uǫ implements the mapping of physical states corresponding to
χ¯ = 0 and χ¯ = ǫ. For this reason we will indicate ψ′ with ψǫ. We emphasize that,
since U−1 = U †, then the transformation between a frame at rest and one moving with
respect to Σ can be implemented by a unitary operator.
As can be checked explicitly from the theory of constrained systems [10], Uǫ is given
by the exponential of the boost constraint exp(i
∫
d3xǫaΦ
a). In fact in the relation (32)
we have part of the quadratic term in the χ¯-expansion of this operator, and these two
transformations coincide, as far as one recognizes that for χ¯a = 0 π
a and χa are not
configuration variables anymore. This correspondence allows to reproduce the operator
Uǫ for any value of χ¯a and at all orders in a perturbative expansion.
3.2. Quantization without gauge fixing
A different approach with respect to that of the previous section is one in which χa are
not fixed.
In this respect we promote also χa and their conjugate momenta to operators on
a Hilbert space. Hence we impose the full set of constraints on a wave functional
ψ = ψ(N˜, N˜ i, Eai , χa), such that solutions provide us with physical states. The
independence of wave functionals from N˜ and N˜ i is again recovered. The super-
momentum (28) and the super-Hamiltonian (30) are formally not modified, despite
the fact that χa is now a real quantum variable.
Otherwise, rotational constraints and boost ones are
Φˆabψ(E, χ) = i
(
δ
δχc
δc[aχb] − δc[a δ
δE
b]
i
Eci
)
ψ(E, χ) = 0 (38)
Φˆaψ(E, χ) = i
(
δ
δχa
− δ
δχb
χbχ
a + δab
δ
δEbi
χcE
c
i
)
ψ(E, χ) = 0. (39)
Substituting the boost constraints into the rotational ones, we easily recognize that the
latter retain formally the same expression as Φ′ab (29). But the presence of the boost
constraints give an “evolutionary” character of the wave-functional on the χ-variables.
In this respect, we remark the non-vanishing character of the conjugate momenta πa,
when acting on physical states.
In this framework, one cannot speak of transformations between χ-sectors, being χa
operators and the Hilbert space is necessary a unique one. Nevertheless, one can formally
implement translations on χa by using their conjugated variables π
a as generators. This
transformation Tˆ = I − ǫa(x, t) δδχa ; ǫa ≪ 1 turns out to be unitary.
Therefore, we expect that the Lorentz symmetry is not affected by the quantization as
soon as also χa are quantized.
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4. Concluding remarks
We have performed the canonical quantization of General Relativity in a 4-bein formu-
lation, by dropping one of the standard assumption, i.e. the time-gauge condition. This
way we are dealing with a Lorentz frame moving with respect to spatial hypersurfaces, so
that we have three additional Lagrangian variables, χa, giving the velocity components
of such motion. As a consequence of the boost invariance, three new constraints arise,
whose algebra results to be of first class. We have classically solved these constraints
and we found that the χa’s do not disappear from the dynamics, but they play a para-
metric role. Furthermore, we have canonically quantized the system and we recovered
an infinitesimal unitary operator, mapping physical states in the time gauge into the
corresponding for χa 6= 0. Moreover such a kind of operators, realizing χ-translations,
can be defined also in the case in which χa are quantized, too.
These issues indicate that the invariance under boost transformations is preserved on
a quantum level, i.e. that scalar products are not modified in different χ-sectors. This
provide us with an explanation for the use of the time-gauge condition, because any
other choice for the Lorentz frame gives the same expectation values for observables.
To physically characterize spatial hypersurfaces, a matter field can be introduced, as it
will be illustrated in [11].
[1] J. Polcinsky, String Theory, Cambridge University Press, (1998).
[2] C. Rovelli, Quantum Gravity, Cambridge University Press, (2004).
[3] J. F. Barbero, Phys. Rev., D51, 10, (1995), 5507.
[4] A. Ashtekar, J. Baez, A. Corichi, K. Krasnov, Phys. Rev. Lett., 80, (1998), 904.
[5] I.B. Khriplovich, J. Exp. Theor. Phys., 100, (2005), 1075; Zh. Eksp. Teor. Fiz., 100, (2005) 1223.
[6] L. J Garay, G. A. M. Marugan, Class. Quantum Grav., 20, 8, (2003), L115.
[7] S. Alexandrov, Class. Quant. Grav., 17, (2000), 4255.
[8] N. Barros e Sa, Int. J. Mod. Phys., D10, (2001), 261.
[9] S. Alexandrov, E. R. Livine, Phys. Rev., D67, (2003), 044009.
[10] M. Henneaux, C. Teitelboim, Quantization of Gauge Systems, Princeton University Press, (1994).
[11] F. Cianfrani, G. Montani, “The role of matter fields as observers in Quantum Gravity without
time gauge”, in preparation.
